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We construct a class of solutions to the Einstein’s equations for dimensions greater than or equal
to six. These solutions are characterized by a non-trivial warp factor and possess a non-compact
extra dimension. We study in detail a simple model in six dimensions containing two four branes.
One of each brane’s four spatial directions is compactified. The hierarchy problem is resolved by the
enormous difference between the warp factors at the positions of the two branes, with the standard
model fields living on the brane with small warp factor. Both branes have positive tensions. Their
positions, and the size of the compact dimension are fixed by the dynamics of general relativity
and the contribution to the stress tensor from the zero point energy of quantum fields living on the
branes. One overall fine tuning of the parameters of the theory is required —that for the cosmological
constant.
I. INTRODUCTION
The work of Arkani-Hamed, Dimopoulos and Dvali (ADD) [1] and of Randall and Sundrum (RS) [2] has stimulated
interest in explaining the observed weakness of gravity (the \hierarchy problem") using extra dimensions. The ADD
solution requires the new dimensions to have nite but quite large volume, which introduces a new hierarchy between
the volume of the compact dimension and the fundamental scale of the theory1. RS proposed instead ve dimensional
spacetime with curvature comparable to the fundamental scale, and showed that a massless graviton can be localized
to a 3+1 dimensional hypersurface known as the \Planck Brane". In their setup the extra dimension may be taken
innitely large, and four dimensional general relativity still agrees to high precision with long distance experimental
measurement. The weakness of observed gravity is explained provided the standard model elds are localized to a 3+1
dimensional \TeV Brane", where the graviton wave function is small. Due to the exponential fall-o of the graviton
wave function away from the Planck brane, the distance between the TeV brane and the Planck brane does not need
to be large in units of the fundamental scale. Randall and Lykken (RL) [5] have shown that an innite fth dimension
is experimentally quite consistent with such a resolution of the hierarchy problem.
In such a picture, it is necessary to introduce dynamics which determines the location of the TeV brane relative to
the Planck brane. If this interbrane distance is not xed, it becomes a massless modulus which leads to unnacceptable
cosmology [6] and experimental consequences. Goldberger and Wise showed that adding a scalar eld which propagates
in the bulk and has a source on the branes is sucient to x this distance [7]. Several other suggestions have been
made for bulk dynamics to x the extra dimensional conguration [8].
In this paper we rst construct a class of solutions to the Einstein’s equations for dimensions greater than or equal
to six. These solutions are characterized by a non-trivial warp factor and possess a non-compact extra dimension.
We then study in detail a simple model in six dimensions containing two four branes that employs a metric of this
form to address the hierarchy problem. One of each brane’s four spatial directions is compactied on a circle of small
radius. The hierarchy problem is resolved as in the RS and RL models by the enormous dierence in the warp factors
at the positions of the two branes, with the standard model elds living on the brane with small warp factor.
In this model the positions of the branes, and hence the magnitude of the hierarchy, are determined by the dynamics
of general relativity itself without the need for additional bulk dynamics. The reason is that the theory contains a
compact dimension, in addition to the noncompact dimension r. The size of the compact dimension is in general a
r dependent function, which is determined from the Einstein’s equations. We argue that in general the component
of the brane tension in the compact dimension will depend on its size, due to the quantum eects of elds localized
to the brane. Then a consistent solution to Einstein’s equations will x each brane location at a particular value of
1For an example of a theory which naturally has finite but exponentially large volume for the additional dimensions see ref. [3].
For earlier work on large extra dimensions and/or a low quantum gravity scale see refs. [4].
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r. This mechanism for xing the positions of the branes should be applicable to a general theory containing branes
having four or more spatial dimensions.
The spacing between the branes in our model can be large enough to explain the hierarchy without ne tuning.
Both branes have positive tensions and the solution is free of singularities where general relativity might break down.
One overall ne tuning of the parameters in the theory is required to adjust the cosmological constant to zero.
II. THE ANSATZ, EQUATIONS OF MOTION AND SOLUTIONS
We begin by looking for solutions to the Einstein equations in D dimensions, where D is greater than or equal to six,
in the presence of a constant background cosmological constant. We assume all sources other than the cosmological
constant are restricted to subspaces of lower dimension. Hence our approach will be to rst solve the equations of
motion in the bulk to obtain solutions with a number of constants of integration that can then be adjusted to nd
solutions for several choices and geometries of sources.




p−G(2MD−2 R− B) (1)
We label a general coordinate by xM where M runs from 0 to (D-1). We restrict our search to metrics of the simple
form
ds2 = f(z)µνdxµdxν + s(z)dy2 + dz2 (2)
where  and  run from 0 to D-3. The remaining two coordinates are labelled by y and z. Here the warp factors f
and s are assumed to be functions only of z.
The Einstein’s equations in the bulk take the form




The nontrivial components of this equation are
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where  is dened by
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This has the form of a rst order dierential equation for f
0
f . This dierential equation is straightforward to solve,
and we can then obtain f itself by performing a simple integration. We then use the result obtained for f in eqn. 6
and the problem of determining s also then reduces to performing a simple integral. The results are










D−1 [1 + ce−
D−1
2 αz ]2 (10)
Here f0, s0 and c are constants to be determined by boundary conditions. In the limits of vanishing c and innite
c we recover the usual anti deSitter metric. It is easy to see that in fact for any values of these constants the warp
factors f and s change very rapidly as function of z. In particular there are always values of z where they are changing
exponentially quickly. This suggests that these metrics are good candidates for a solution to the hierarchy problem.
It is possible to use the class of metrics above to nd solutions to the Einstein equations for various source cong-




In this section we limit our interest to a solution where the fth dimension y is compact and corresponds to an angle
in the higher dimensional space. We relabel y by  in this section and hereafter to emphasize its angular character.
The angle  runs from zero to 2. We allow the coordinate z to be non-compact and run from zero to innity. it
corresponds to a ‘radius’ in the higher dimensional space. We relabel it by r to emphasize its radial character.
The geometry of our model consists of two four branes localized in the higher dimensional space at dierent values
of r. Their positions are specied by the equations r = a and r = b where a < b. They can therefore be thought of
as being similar to the surfaces of two innitely long ‘concentric cylinders’ in the higher dimensional space, with the
regular four dimensions parallel to the common axis of the cylinders, the fth dimension going around the surface but
perpendicular to the axis, and the sixth dimension being the radius. (This intuitive picture does not account for the
fact that the space is curved.) The standard model elds are localized to the brane at r = a. The hierarchy problem
will be resolved by the enormous dierence between the values of the warp factor at r = a and r = b.
Because the co-ordinate  is compact the four brane appears as a three brane at suciently long length scales.
The branes divide the space into three distinct sections; 0 < r < a , a < r > b, and r > b. In general there is
no reason for the cosmological constants in these three sections to be the same since the branes may be separating
dierent phases of the theory. In what follows we will assume that they are dierent and will associate the three
regions with three dierent values of ; 1, 2 and 3 respectively.
The solutions of the Einstein equations in the three regions will be of the form of equations 9 and 10 but with
dierent values of the constants f0, s0 and c. We will give these constants an additional subscript i, where i runs from
1 to 3, in order to dierentiate them in the three dierent regions.
Now the constant c1 is xed to be -1 by the requirement that the solution be non-singular at the origin. This
requirement also xes the value of s01 to be (216/5=(252)). To see that this choice does indeed smooth out the
singularity at the origin we rst examine the behavior of the the functions f(r) and s(r) as r tends to 0,
f(r) = const + O(r2) (11)
s(r) = r2 + O(r4) (12)
We then go to the ‘cartesian’ coordinate system which is smooth at the origin.
x0 = r cos  (13)
y0 = r sin  (14)
It is straightforward to verify that in this coordinate system the components of the metric and their rst and second
derivatives (which go into the Ricci tensor) are smooth at the origin, showing that there is no singularity there.
The requirement that the metric be bounded at innity determines that the space outside r = b be anti de Sitter.
This corresponds to setting c3 to innity while keeping the products c3f03 and c3s03 nite. We relabel these products
by f3 and s3 respectively.
We are now in a position to write down the forms of the solutions in the three regions. For r < a,









5 [1− e− 52α1r]2 (16)
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For b > r > a,
f = f02eα2r[1− c2e− 52α2r] 45 (17)
s = s02eα2r[1− c2e− 52 α2r]−65 [1 + c2e− 52α2r]2 (18)
For r > b,
f = f3e−α3r (19)
s = s3e−α3r (20)
The constant f01 is determined by normalizing the warp factor f to 1 at the position of the visible brane. The
constant s01 was determined earlier. All the other constants above as well as the positions of the branes a and b must
be determined by matching across the branes.





− G((r − a)[LM1 − 1] + (r − b))[LM2 − 2]) (21)
Here G is the determinant of the metric tensor in the ve dimensional subspace, 1 and 2 are the cosmological
constants on the two branes, and LM1 and LM2 are the Lagrangians of matter elds localized to the branes.
The stress tensor for each brane has the form
TAB = T ΛAB+ < T M AB > (22)
where T Λ is the contribution from the cosmological constant and < T M > the expectation value of the stress tensor
of the matter elds living on the brane. We will be working in the semi-classical limit, treating gravity completely
classically but accounting for the quantum eects of matter localized to the branes.
Assuming the matter on the brane is in its ground state, TAB is constrained by four dimensional Lorentz invariance





−2f 0 0 0 0
0 2f 0 0 0
0 0 2f 0 0
0 0 0 2f 0
0 0 0 0 γ2s
 (23)
where 2 and γ2 are constants associated with each brane that we require to be positive. The form of TΛ is more
constrained since it is proportional to GAB, which would imply that 2 = γ2 if the only contribution to T came from
the cosmological constant on the brane. Thus the deviation of T from the GAB form is due entirely to the contribution
from the matter Lagrangian. In a subsequent section we will show that the contribution to the stress tensor from the
zero point energies of elds living on the brane lead to  6= γ;. In general  and γ will depend on the geometrical
factors a; b and c2 due to the quantum contribution to the stress tensor from matter localized on the brane.
Now the Einstein equations for the upper 5 by 5 block of the Ricci tensor get modied in the presence of the branes
to
2M4 (RAB − gABR) = −
1
2
gABB + 8(r − a)T aAB + 8(r − b)T bAB (24)
Since we already have the solution in the bulk we can get the complete solution by matching across the branes.
The metric tensor is continuous across the branes but its derivatives are not. The above equation xes the jump
discontinuity in the derivatives across the boundary.

















We wish to apply these conditions to our solution. To simplify matters we rst dene
γ2 = 42 − 3γ2 (27)




2 rα − c) (28)
The conditions on the derivatives at the rst boundary are
2 − 1 + F (c2; a; 2)− F (−1; a; 1) = −12γ
2
1 (29)
2 − 1 − 32 [F (c2; a; 2)− F (−1; a; 1)] +
5
2
[F (−c2; a; 2)− F (1; a; 1)] = −12γ
2
1 (30)
The conditions at the second boundary are
−3 − 2 − F (c2; b; 2) = −12γ
2
2 (31)
−3 − 2 + 32F (c2; b; 2)−
5
2
F (−c2; b; 2) = −12 γ2
2 (32)
Looking at the above equations we have three parameters c2, a and b which have to satisfy four independent
equations. Hence a ne tuning is necessary. This is the ne tuning necessary to set the cosmological constant to zero.
Once this ne tuning has been made it is straightforward to nd solutions to the above equations without singularities
where all parameters are of order one in terms of the fundamental scale M. However since we want to generate a
hierarchy we want 2b = O(40) 1. From now on we will assume that b is the only large parameter in the problem
and that it is therefore responsible for generating the hierarchy. Subtracting eqn. 31 from eqn. 32 we see that
5
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Now in order to generate the hierarchy the terms on the left of this equation must be of many orders of magnitude
smaller than the fundamental scale. While this looks ne tuned it is in fact natural. Note that from the denition
of γ it is clear that if  = γ, then γ = γ. But the dierence between  and γ arises from the vacuum energy of
quantum elds localized to the brane (the Casimir eect) , which vanishes in the limit large proper radius for the
compact dimension. If the spectrum on the hidden brane contains massless elds then this eect is the correct order
of magnitude to avoid ne tuning, as we discuss in section IIIC.
Equating the various components of the metric across the boundary xes the values of the coecients f02, s02,
f3, and s3. Once again there are four equations but there are now four unknowns so there is no further ne tuning
required.
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Fig 1. Plot of warp factor of compact dimension (circumference of circles) versus r (vertical axis), illustrating why we
call this the ‘space needle’ metric. The apparent singularity at the top, where r = 0; is a coordinate singularity only.
This completes the determination of the metric. The warp factor for the fth dimension is plotted in gure 1. The
warp factor for the usual 3+1 dimensions is qualitatively similar, except near r = 0 where it goes to a constant. We
call the the \space needle metric" for reasons which are obvious from the picture. The next subsections are devoted
to analyzing the consequences of this solution.
B. Physical Implications
To determine the eective four dimensional Planck scale we concentrate on the higher dimensional Einstein action.
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s = M24 (36)
Rather than do this integral exactly we will be satised with an estimate. The dominant contribution to the integral
comes from the region close to the outer brane where the integrand is very large and the forms of f and s are very





This large exponent is responsible for the hierarchy between the Planck scale and the weak scale.
Next we analyze the spectrum of linearized tensor fluctuations to see if it is consistent with the results of gravitational
experiments.
Expanding
Gµν = fµν + hµν (38)















where m2 = −µνpµpν and we are restricting our attention to modes that have no momentum in the compact
direction. These are expected to be separated by a mass gap from the heavier modes with nonzero momentum in the
fth direction.





Clearly h = f is a solution of this equation with m = 0 by comparison with eqns. (5) and (6). This is the massless
graviton. There is a continuum of other solutions for all positive m2, as can be seen from the asymptotic behavior of
the equation. However to extract these solutions is not easy, because of the complicated forms of f and s. However
since we are only interested in order of magnitude estimates we can simplify the problem by considering instead a
simpler problem that retains the physics we are interested in. Consider the metric
6
f = 1 r < a (41)
f = e−αaeαr a < r < b (42)
f = e−αae2αbe−αr r > b (43)
s = r2 r < a (44)
s = a2e−αaeαr a < r < b (45)
s = a2e−αae2αbe−αr r > b (46)
This corresponds to a solution for the case with no cosmological constant for r < a but the same cosmological
constant everywhere outside. This metric is flat in the neighborhood of the origin, anti deSitter outside a. It clearly
has a form very similar to the metric we are interested in for r  a, although unlike our case, the positions of the
branes are not xed and one has negative tension. In what follows we will assume the main features of the excitations
we are interested in are common to both metrics and proceed.
With this approximation the equation in the region r < a where  is zero becomes
−h00 − 1
r
h0 = m2h (47)
The solution of this equation to leading order in m2a2 is
h = N [1− 1
4
m2r2] (48)
where N is a normalization constant. Since we are primarily interested in the light modes this will suce. In the















[mq2] + B2J− 52 [mq2]) (50)



































Since we are interested in values of m such that mq1  1 we can conveniently approximate the solution between
the branes by


























[mq3] + B3J− 52 [mq3]) (56)












The values of the A’s and B’s are to be determined by matching. The boundary conditions to be satised are










The constant N is to be determined by normalization. Since this is not quite in the form of a eigenvalue problem
we make some simple transformations which render it so.
Dening












we get an equation for g as a function of q which has the form of an eigenvalue equation for m2 with unit density
function. For the continuum modes it is the outer region which is relevant for normalization. But here s and f are
proportional so we can conveniently choose the constant so that g = h in this region. Also q and q3 as dened dier
at most by an additive constant. Hence for the continuum modes we merely have to normalize the solution for h for
r > b with respect to q3.
Matching at the inner brane we nd that A2 is of order
√
m=, and B2 is of order (m=)
5
2 . Then matching at the















































This is the same integral that appears in determination of the four dimensional Planck scale. By exactly the same




We are now in a position to determine the corrections to gravity from the Kaluza Klein excitations of the graviton.




























From this it is clear that deviations from Newtonian gravity are highly suppressed at long distances.
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We now explain why we expect this model to have the same physical implications as the model we started out with.
Essentially for r >> a the general solution of both models will have similar form. The only dierence will be in the
magnitudes of the coecients A2 and B2. Although these coecients are determined by matching in the interior their
order of magnitude follows from simple dimensional considerations. This then implies that A3 and B3 and hence the
normalization of the modes can be xed by dimensional considerations. Hence the two theories will give the same
order of magnitude estimate for the the corrections to Newtonian gravity.
Because of the isometry of the compact dimension this theory contains a massless \gravi-photon"|a Kaluza-Klein
U(1) gauge boson. However no light or massless elds will carry non-trivial U(1) charge since they have no momentum
in the compact dimension. We expect that other than the modes we have already discussed, the remaining spectrum
of gravitational excitations will be massive.
A more careful study of the phenomenological implications of this model is left for future work.
C. Stress Energy Tensor for a Field Localized to a Brane
In this section we consider the form of the stress energy tensor for a eld localized to a brane having the metric
GAB = diag(−1; 1; 1; 1; 1) but in which the fth dimension is compact and has proper size a. We show that in the
ground state the stress tensor does indeed have the form given in eqn. 23. For simplicity we limit ourselves to the
case of a free scalar eld.







We are interested in the expectation value of the stress tensor in the ground state.
< T BA >=< −@A@B− GBAL > (70)
Because the ground state possesses translational symmetry




d4x < T BA > (71)
where V is the volume of the four space dimensions. Performing a Fourier expansion for the eld  and making use
of the canonical commutation relations this reduces to








k2 + k5k5 + m2 (72)










k2 + k5k5 + m2
(73)
Since the usual three space dimensions are innite the sums over momenta in these three directions can be replaced
by integrals. However since the fth dimension  is compact the momenta in this direction remain discrete, k5 = n=a
where n is an integer.








k2 + k5k5 + m2 (74)










k2 + k5k5 + m2
(75)
These integrals are innite and must be regulated in order to yield sensible physical results. We will use a Pauli-
Villars regulator, adding massive elds with appropriate statistics until all the divergences have been removed. (We
could get similar results in a theory with spontaneously broken supersymmetry.) We simplify to the special case where
the boson eld is massless. Then all the divergences can be removed by adding three elds with opposite statistics
having masses M ,M and 2M and two elds with the same statistics which both have mass
p
3M . Here M is assumed
to be some kind of cut o for the theory.
Performing the integrals and adding the contributions from the various elds we get the nite but regulator depen-
dent results
9













2)− 2(k25 + M2)2ln(k25 + M2)− (k25 + 4M2)2ln(k25 + 4M2)] (76)













2)− 2(k25 + M2)ln(k25 + M2)− (k25 + 4M2)ln(k25 + 4M2)] (77)
T 5µ = 0 (78)
All other components of the stress energy tensor vanish, and it clearly has the form of eqn (23). In a supersymmetric




When M  (1=a) we can approximate T nm and T 55 to leading order in (1=a)2 as O(M4=a) and O(M2=a3) respectively.
Clearly in this limit 2 and γ2 are not equal.
The relative dierence between T 55 and T
ν
µ must be nite when the cuto M is taken to innity and must vanish
as the size of the fth dimension becomes innite. We now estimate this dierence as a function of a and M when
the dimensionless quantity aM is large.
To do this we attempt to replace the sum we are interested in by a sum of integrals. We begin by observing that







Here T represents an arbitrary function of k5. If the function T is smooth it can be Taylor expanded
T (p5) = T (k5) + T 0(k5)(p5 − k5) + T 00(k5) (p
5 − k5)2
2
+ : : : (80)


















T is T nm or T
5
5 the rst term on the right has the form we are interested in. Also notice that the other
terms on the right then involve fewer powers of k5 in the numerator and hence for the seventh term and beyond the
sums for individual elds are nite and straightforward to estimate.∑
T can also be chosen to be derivatives to arbitrary order of T nm or T
5
5 . Since these quantities ocur in the expansions
for T nm or T
5




5 in terms of integrals.
A complication that arises for the case of a massless eld is that the fourth derivative and higher of T nm and T
5
5 are
not well dened at k5 = 0. We account for this by separating this point from the sum and approximating the rest of
the sum by integrals from (1=a) to innity and −(1=a) to negative innity.
To obtain a reasonable estimate we must expand in eq. 80 to at least seventh order in order to account for all
possible divergences as powers or logarithms of M . The calculation is straightforward but lengthy and the details will
not be presented here. The result is that the dierence between T nm and T 55 is nite and of order (1=a)5 in the limit
that the cuto M is large.
This result for the dierence could have been anticipated. Since the only counterterm allowed by general covariance
is the cosmological constant which contributes equally to both T nm and T
5
5 the dierence between these two must be
nite and regulator independent in the limit that the cuto M is taken to innity. Since for a massless eld a is the
only available dimensionful parameter the result follows. It could also have anticipated by analogy with considerations
of the Casimir force in four dimensions.
We now use this result to estimate the deviation of < T M > from the G form on the second brane. We require the
dierence between the [55] component of < T M B A > and the other components to be of order
 < T M B A >= O(M5 e
− 52αb) (82)
if there is to be no ne tuning. Our result above for a metric with the form (-1,1,1,1,1), cuto M and compactication
radius a is represented by T AB (; M; a). When generalized to a metric of the form (−2; 2; 2; 2; 2), cuto M and
compactication radius b it is easy to see that this becomes
T AB ( G) = 
−5T AB (; M; b) : (83)
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M b 1 : (85)
Hence T AB ( G) = O(b
−5e−
5
2αb) is comparable to O(M5 e
− 52αb). Although Mb is bigger than one this can be
compensated for by relatively small dierences between  and M and/or by having suciently many elds living on
the outer brane.
IV. CONCLUSIONS
We have constructed a set of solutions to Einstein’s equations in six or more dimensions, and exhibited a six
dimensional set up with one compact dimension and two concentric four branes. Gravity is mostly localized to the
outer brane which has a large warp factor while we assume the standard model lives on the inner 4-brane, explaining
the apparent weakness of gravity in our world. The locations of the branes are xed and there are no unwanted
moduli associated with either the size of the compact dimension or the brane locations.
We do not address the important issue of how to obtain chiral fermions on the standard model brane. Ordinary
dimensional reduction by compactifying the fth dimension on a circle always results in a non-chiral theory. One
simple alternate possibility is to have the have the standard model live on a 3-brane at r = 0. Then it is only
necessary to have one 4-brane|the Planck brane. The metric is simply the a ! 0 limit of the space needle metric.
Alternatively, it may be possible to generalize our mechanism to additional dimensions with some compactication
which does allow a chiral eective theory on the TeV brane.
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